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In this note we provide answers to criticisms made the appendix D of the article [1] against
to the theory developed recently and known a ”Stochastic Mean-Field” (SMF) approach and its
applications. Briefly, we list our replies and leave the judgment to the readers.
In the article [1], Bulgac and Coworkers made a num-
ber of remarks and critics on the ”Stochastic Mean-Field”
(SMF) approach [2, 3]. We acknowledge these critics and
show below that most of them are based either on er-
roneous physics arguments or on miss-understanding of
the SMF approach itself. The SMF approach provides a
description for incorporating the dynamical fluctuations
in heavy-ion collisions beyond the mean-field at low ener-
gies where the dissipation and fluctuations are dominated
by the one-body mechanism [2, 3]. For this purpose,
the SMF requires to generate an ensemble of mean-field
events with the initial conditions specified by the quantal
and thermal fluctuations in the initial state.
This approach is already well documented, so we will
not describe it in detail here. We would like to mention
that the SMF theory is not meant to be an exact for-
mulation of the many-body problem but an approximate
Phase-Space method to incorporate beyond mean-field
effects in transport theories. As an approximation, it
cannot grasps all the many-body effects, but there are a
number of indications that it can in many situations treat
efficiently effects beyond the independent particle/quasi-
particle picture. We mention for instance that:
• As illustrated in [2], the SMF approach in the small
amplitude limit becomes equivalent to the well es-
tablished Balian-Ve´ne´roni [BV] description for the
dispersion of one-body observables [20].
• It has been widely applied and validated against
exact solutions in many situations [4–6]. A care-
ful analysis made in Ref. [4] have shown that it
describes properly the dynamics in case of spon-
taneous symmetry breaking where the BV is not
effective.
• This theory was also the starting point for the var-
ious recent successful applications made on heavy-
ion collisions [7–16]. The SMF approach can deter-
mine the full distribution functions of the observ-
ables. As illustrated in recent articles [14, 16], the
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cross-section calculations for multi-nucleon transfer
mechanism in the SMF approach gives very well de-
scription of data without any adjustable parameter,
providing a strong support for the approach. It was
also applied in Ref. [21] with some success.
• We realized recently that the Phase-Space ap-
proach recently proposed in Ref. [22], called
fermionic-Truncated Wigner Approximation (f-
TWA), has direct connection with the SMF ap-
proach and gives an alternative independent for-
mulation of the theory.
Despite these successes, the authors of Ref. [1] made
strong criticisms on the SMF approach. We list below
statements or comments made in Ref. [1] and reply to
them one after the others:
1. At several places in the article [1], the authors state
that the use of initial fluctuations only is contra-
dictory with the Langevin approach where noise is
continuously acting on trajectories. For instance,
it is said in Ref. [1] (page 21):
”In the stochastic mean-field model, fluctuations
only stem from the fluctuations in the initial den-
sity [49] and the time evolution is exactly the usual
time-dependent mean field. This ad hoc assump-
tion is at odds with the Langevin approach...”
The incompatibility of initial fluctuations only with
the Langevin approach is wrong. This is actually
the opposite as it is well known in open quantum
system (OQS) theory [17]. The Langevin force ar-
rises from the absence of knowledge of the envi-
ronment degrees of freedom (DOFs). This com-
plexity of the bath/environment is treated as initial
fluctuations on its DOFs. Such fluctuations under
certain conditions can lead to a random Marko-
vian force acting continuously in time. A semi-
nal example, where this is clearly illustrated is the
Caldeira-Leggett model [18]. Regarding the SMF
approach, it is possible to project the microscopic
description of SMF on a relevant collective sub-
space by an adiabatic or geometric procedure as
shown in [2, 14]. The time evolution in the re-
duced collective subspace is governed by a gener-
alized Langevin dynamics in which the stochastic
2force is determined by the fluctuations at the initial
state. Such a description is fully consistent with the
well-established Mori formalism [19].
2. In Fig. 15 of Ref. [1], the authors show that
the diagonalisation of the one-body density leads
to unphysical occupation numbers. This is indeed
correct BUT interpreting the event-by event one-
body density obtained in the SMF approach as a
quantum object does not make sense by itself. In-
deed, the densities used in SMF should be inter-
preted as a statistical ensemble of one-body den-
sities (treated as classical objects). The statistical
properties of the initial densities are obtained by
imposing that the average values of first and sec-
ond moments equals the quantum average. To be
able to match statistical and quantal average, there
is no other choice than exploring a wider class of
one-body densities usually allowed for Fermi sys-
tems. This is indeed (i) what is done in the SMF
approach (ii) why the diagonalization of the one-
body density, that implies to interpret it as a quan-
tum object, is meaningless. Indeed, in the SMF
theory, only the average over events has a physical
meaning. In our application, we always observed
that the average one-body density has all required
properties and leads after diagonalization to single-
particle properties that are between 0 and 1. We
would like to mention that the use of event-by-
event unphysical one-body densities to treat com-
plex many-body effects is rather standard. Indeed,
for instance, the authors mention [1] exact many-
body methods (see for instance Eq. (1) of Ref. [1]).
In general, methods like auxiliary fields methods
applied in real-time evolution, due to the necessity
to have a term proportional to
√
i∆t in the single-
particle evolution, the evolution is non-unitary and
the one-body density is non-hermitian (see for in-
stance [3, 23, 24]). Here also, it would not make
sense to interpret a single trajectory. Still, the av-
erage evolution matches the exact evolution.
3. Regarding the Eq. (D16) of Ref. [1] and the di-
vergence of the local fluctuations in SMF. It is cor-
rect that the local fluctuations diverges when ap-
plying the SMF technique. This divergence is actu-
ally not surprising because the fluctuations of the
local density matches the fluctuations of the local
one-body density of a quasi-particle state that are
also divergent[25]. Another example where the lo-
cal density fluctuations diverges is simply the free
gas [25]. So the problem is not the SMF framework
itself but the fact that the quantum fluctuations
that are used as reference are the ones of a quasi-
particle vacuum.
It is worth mentioning that, starting from a pure
Hamiltonian case, even using a contact interaction,
the energy obtained by averaging the Hartree-Fock
energy over events will match the energy of the ini-
tial state and no divergence of the energy will occur.
However, only when SMF approach is applied to a
density functional theory (DFT), the special atten-
tion of terms like the one discussed in Eq. (D16)
should be made.
In the SMF the initial fluctuations are specified
so that the dispersion of one-body observables at
the initial state matches with those calculated in
the Hartree-Fock (HF) framework. This works fine
for the macroscopic variables. The local density
fluctuations have a singular behavior in the HF or
HFB theory. As a result the fluctuations of the En-
ergy Density Functional have a singular behavior
as well. Physically, the local density fluctuations in
volumes smaller than the minimum volume occu-
pied by a single nucleon physically does not make
sense. The criticisms of the appendix D are en-
tirely based on this unphysical limit. For a cor-
rect description, a coarse-graining should be intro-
duced in the local density fluctuations. The trun-
cation of the particle-hole space in a narrow energy
range around Fermi surface provides a possible for
the coarse-graining of the local density fluctuations.
The application of the SMF to the spontaneous fis-
sion of illustrates the simulation method with the
truncation of the particle-hole space indeed works
very well [21].
4. Last, the authors claims in appendix D (page 21)
that:
”Since in the stochastic mean-field method fluctu-
ations only stem from the fluctuations in the initial
density [49] one would expect that their conclusions
should parallel ours...”
This is also incorrect. The fluctuations are differ-
ent in the SMF approach compared to the one used
in Ref. [1]. Indeed, in [1], they select initial condi-
tions on the potential energy landscape for instance
shown in their Fig. 5 obtained using constrain HFB
method with two collective degrees of freedom Q20
and Q30 and imposing specific symmetries. Al-
though, most probably, other Qλ0 fluctuates from
one initial condition to the other in [1], some collec-
tive coordinates are frozen. This technique to get
initial solutions, although rather common is rather
specific. In the SMF approach, by treating fluctu-
ations at the one-body level directly, all collective
degrees of freedom Qλµ (including µ 6= 0) are fluc-
tuating initially without assuming a selection of a
limited set of DOFs that are expected to be more
relevant than the other ones. Another difference is
the one-body density themselves that are allowed
to explore a wider space compared to the one used
in Ref. [1]. This absence of restriction in SMF
turns out to be crucial to grasps beyond mean-field
effects.
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